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Introduction
We consider the Cauchy problem for a Boussinesq-type equation u tt − u xx + u xxxx + (u k+1 ) xx = 0, t ∈ R, x ∈ R, u(x, 0) = f (x), u t (x, 0) = ∂ x h, (1.1) where k is an integer, the velocity is an x-derivative function. Equations of type (1.1) are a class of essential model equations appearing in physics and fluid mechanics. It was derived by Boussinesq in 1872 to describe two-dimensional irrotational flows of an inviscid liquid in a uniform rectangular channel. And it also arises in a large range of physical The study of the Boussinesq-type equations has recently attracted considerable attention of many mathematicians and physicists (see [1] [2] [3] and references therein). For instance, in [3] , J. Bona and R. Sachs proved that the Cauchy problem (1.1) is locally wellposed for smooth data by using Kato's abstract theory of quasilinear evolution equation. . In [4] , by using the so-called L p -L q smoothing effect of the Strichartz type, F. Linares established the local wellposedness for the Cauchy problem (1.1) in the case (f, ∂ x h) ∈ H 1 × L 2 and 1 < k < +∞, and in the case (f, ∂ x h) ∈ L 2 ×Ḣ −1 and 1 < k 4, respectively. He also proved that these local solutions can be extended globally when the size of the data is small. In this work, we shall give some local and global existence results for the Cauchy problem (1.1) with initial data in some Besov space in the case k > 4. Our method of proof is based on the contraction mapping argument and suitable modifications of the techniques introduced by Bourgain [5] , by T. Cazanave and F.B. Weissler [6] and by L. Molinet and F. Ribaud [7] . To state our main results, we introduce some notations and some function spaces. We denote by (I − ∆) and D the convolution operator whose symbol is given by (1 + ξ 2 ) and |ξ |, respectively. Given α > 
They proved that for any f (x) ∈ H s+2 (R) and h(x)
In the sequel, we denote by C some positive constant which may vary from line to line. For a Banach space X, we denote by · X the norm in X. Let 1 p, q +∞ and
We denote by H the Hilbert transformation, and denote by M(D) the convolution operator whose symbol is given by M(ξ ) formally defined by
The rest of this paper is organized as follows. In Section 2 we prove some smoothing effects for the inhomogeneous linear Boussinesq equation. In Section 3 we prove the crucial estimate for the map F (u) = u k+1 between Besov-type spaces. The local and global existence results are given in Section 4.
Linear estimates
In this section we give some smoothing effects for the linear equation associated to (1.1). These estimate will be the main ingredient in the proof of local well-posedness of the Cauchy problem (1.1). Let φ(ξ ) = |ξ |(1 + ξ 2 ) 1/2 , and for f, h ∈ S (R) define 
where
Then the formal solution of (1.1) is given by 
Lemma 2.2. Let T be an operator defined on a class of space-time functions f (x, t) by
Proof. Let
We have
We deduce
Thus,
Using (2.4), we deduce
Hence, the results in Lemma 2.3 follow from (2.5) and the relation
We recall now the definition of the homogeneous Besov-type spaces. Throughout the article let ψ ∈ S(R) fixed such thatψ is supported by the set {ξ ; 1/2 |ξ | 2} and such that j ∈Zψ (2 −j ξ) = 1 for ξ = 0. Denote by ∆ j the convolution operators whose symbols are given byψ(2 −j ξ). We also denote the operator
For 1 q +∞, s = {s j } j ∈Z with s j ∈ R for all j ∈ Z, we define the Banach space
with the norm 
Note that when
Denote by
where (p 2 ,q 2 ) is the positive constant satisfying 1/p 2 + 1/p 2 = 1 and 1/q 2 + 1/q 2 = 1.
Proof. Lemmas 2.1, 2.3 and Bernstein's inequality implies
, when j 0, and
, when j 0.
Using Riesz-Thorin theorem for θ ∈ [0, 1], we get
, when j > 0, and
Sobolev embedding theorem implies
Note that
if and only if
Then, we deduce
and so
if (p, q) ∈ [2, +∞] 2 satisfies 2/p + 1/q 1/2 and p < +∞, where we denote by
Thus the first and the second inequality in Proposition 2.4 follows from (2.8) and the relation
Now we prove the third inequality in Proposition 2.4. By duality, we deduce from
Then, by using 
We have min{p 1 , q 1 } > 2 > max{p 2 ,q 2 }, and hence by using (2.10) and Lemma 2.2,
Proof. The first two inequalities come from the fact that the group V (t) and V 1 (t) are unitary in H s (R). From Proposition 2.4 and Bernstein's inequality we deduce
By duality,
and hence
Then,
We complete the proof of Proposition 2.5. 2
Nonlinear estimates
In this section we give the estimate for forced terms. Here and hereafter, we choose θ > 0 small and take , m= 1, 2, and
where β j m is defined in (2.6) associated with (p m , q m ) defined in (3.1). For given T > 0, we define the localized space E s q,T endowed with norm
Note that we have E 
where we denote by
Proof. For j ∈ Z, let us consider
By Proposition 2.5, we have
For any fixed t rewrite the term ∆ j (u k+1 ) as
Since the term ∆ r+1 (u) k =0 S r+1 (u) S r (u) k− is localized in frequencies in a ball {ξ ∈ R; |ξ | C(k + 1)2 r }, we infer that there is a positive constant C(k) depending only on k such that
Then, without loss of generality, we may restrict ourselves to consider only one term of the form
since the estimate for the other terms would be similar. By Hölder inequality, Using the fact that
we deduce from (3.4) that A j Cγ j , and hence
Now we give the estimate for the term in the space E s q . Let
By Proposition 2.4,
The same estimates as those for A j give
and
The last two inequalities in the lemma follow from (3.7) and (3.8). 2
For u, v ∈ E s q , we have
where we denote by w = u − v, and so
Thus, using the same argument as that in proof of Proposition 3.1 and using the fact that E 
Local and global well-posedness
In this section we give some local and global existence of solutions for the Cauchy problem (1.1). s k is defined in (3.2) .
Moreover, the map (f, (I
Proof. Consider the associated integral equation
By Propositions 2.4 and 2.5 we deduce that, for any q ∈ [1, +∞],
A combination of (4.1) and (4.2) with (3.5) and (3.7) yields, when we choose q = +∞,
Similarly, Proposition 3.2 shows
the continuity of the free group 
Proof. For given (f, (I
To prove this claim, we use an argument first appeared in Kenig et al. [8] . Let ρ ∈ C ∞ 0 (R) satisfy ρ L 1 (R) = 1. Denote by ρ n (x) = nρ(nx) for n ∈ N. By Hölder inequality in time we get
with R(n) → ∞ as n → ∞ since we can assume (f, h) ∈ C ∞ 0 (R) by the dense, and by Proposition 2.4, 
and 2 , the claim shows that there exists a neighborhood
Thus a classical fixed point argument in the ball of E 
q,T follows from (4.6) and (4.7) easily. ( 
